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Renormalization Group (RG) and optimized Pade´-approximant methods are used to estimate the three-loop
perturbative contributions to the inclusive semileptonic b → u and b → c decay rates. It is noted that the MS
scheme works favorably in the b → u case whereas the pole mass scheme shows better convergence in the b → c
case. Upon the inclusion of the estimated three-loop contribution, we find the full perturbative decay rate to
be 192π3Γ(b → uν¯ℓℓ
−)/(G2F |Vub|
2) = 2065 ± 290GeV5 and 192π3Γ(b → cℓ−ν¯ℓ)/(G
2
F |Vcb|
2) = 992 ± 198GeV5,
respectively. The errors are inclusive of theoretical uncertainties and non-perturbative effects. Ultimately, these
perturbative contributions reduce the theoretical uncertainty in the extraction of the CKM matrix elements |Vub|
and |Vcb| from their respective measured inclusive semileptonic branching ratio(s).
The total inclusive rates for semileptonic b→ c
and b→ u processes have been calculated to two-
loop order in QCD [1,2]:
Γbc/κ = [mb]
5 F
(
m2c
m2b
)
[1− 1.67x(µ)
− (8.9± 0.3 + 3.48L(µ))x2(µ)] (1)
Γbu/κ = [mb(µ)]
5
[1 + (4.25360 + 5L(µ))x(µ)
+ (26.7848 + 36.9902L(µ)
+ 17.2917L2(µ))x2(µ)
]
(2)
∗Permanent Address: Department of Applied Mathemat-
ics, University of Western Ontario, London, ON N6A 5B7,
Canada
†Permanent Address: Department of Applied Mathemat-
ics, University of Western Ontario, London, ON N6A 5B7,
Canada
where
x(µ) ≡ αs(µ)/pi, κ ≡ G
2
F |Vub|
2/192pi3,
F (r) = 1− 8r − 12r2 log(r) + 8r3 − r4,
(for b→ c) : L(µ) ≡ log(µ2/mbmc),
(for b→ u) : L(µ) ≡ log(µ2/m2b(µ)). (3)
In [3] we note that the b→ u rate has less renor-
malization scale dependence in the MS scheme
than in the pole-mass scheme. However, in the
case of b→ c, we find that the total inclusive rate
expressed in terms of the b and c pole masses is
better behaved [4]. In both cases the scale depen-
dence, which is considerable, provides no optimal
choice of renormalization scale µ. Consequently,
we estimate the three-loop contributions to the
above rate(s) using Pade´ approximants in order
to reduce theoretical uncertainties like scale de-
2pendence and truncation error. Both decay rates
have the following general (perturbative scale-
sensitive) form in powers of the strong coupling:
S(x) = 1 +R1x+R2x
2 +R3x
3 + . . . , (4)
where R1 and R2 are known as indicated in (1)
and (2) . The (unknown) three-loop contribution
term R3 is necessarily of the form:
R3 = c0 + c1L(µ) + c2L
2(µ) + c3L
3(µ). (5)
Since the decay rate is renormalization group
(RG) invariant, the following relation holds:
µ2
dΓ
dµ2
= 0. (6)
This allows us to evaluate c1, c2 and c3 exactly
for both the decay rates. For the case of b → c
we obtain
c1 = −42.4± 1.3 , c2 = −7.25 , c3 = 0 (7)
and for the b→ u case we obtain:
c1 = 249.6, c2 = 178.8 , c3 = 50.9 (8)
The estimate for the RG-inaccessible coefficient
c0 is obtained from the following estimate devel-
oped via asymptotic Pade´ approximant methods
[4]:
RPade3 =
(2 + k)R32
(1 + k)R31 +R1R2
(9)
The quantity k parametrizes a family of Pade´ ap-
proximants as outlined in [4]. Since both the as-
sumed form of the three-loop contribution and
Pade´-estimated version are dependent on µ, we
proceed by evaluating the following moments:
Nj = (j + 2)
1∫
0
wj+1R3(w)dw (10)
where logw = −L(µ). Hence, to estimate the
value for c0, we match the scale dependence of
the known form (5) to the Pade´ estimate (9), us-
ing the first four moments (N−1, N0, N1, N2)
in the perturbative (UV) region. This leads to
four linear equations for the four three-loop coef-
ficients {c0, c1, c2, c3}. For the b → u case the
method works quite well with k = 0 [3]. However,
in the case of b→ c decay rate (pole mass scheme)
the estimate obtained from k = 0 is ill-suited to
the series in question [4]. A value of k for the
b→ c case can be obtained by finding an optimal
k which minimizes the sum of the squares of the
relative errors in predicting c1 and c2, as given in
(7).
Applying the above procedure, we get the fol-
lowing estimated values of c0−3 for the b→ c case
(k = −0.94 for the central value of b0 = −8.9):
c3 = 2.0× 10
−4, c2 = −7.68, c1 = −39.7,
c0 = −51.2 (11)
The above estimates of the RG-accessible coeffi-
cients c1 and c2 are within 7% error of their cor-
rect values (7).
As a consistency check, we substitute the exact
RG values into the moment equations to evaluate
c0. We then find that
c0 = N−1 − c1 − 2c2 − 6c3 = −49.4 ,
c0 = N0 −
1
2
c1 −
1
2
c2 −
3
4
c3 = −50.1 ,
c0 = N1 −
1
3
c1 −
2
9
c2 −
2
9
c3 = −50.4 ,
c0 = N2 −
1
4
c1 −
1
8
c2 −
3
32
c3 = −50.6 . (12)
which are all within 3% of the Pade´-estimated
value in Eq.(11).
Similarly, for the b→ u case we have
c3 = 47.61, c2 = 190.5, c1 = 251.4,
c0 = 206 (13)
The RG-accessible coefficients c1, c2 and c3 are
all within 7% of their true values (8). A similar
consistency check (as above) gets us values of c0
within 3% of the Pade´-estimated value in Eq.(13).
Upon inclusion of the 3-loop contribution we
see decreased renormalization scale dependence
and the emergence of PMS (Principle of Minimal
Sensitivity [5]) extrema for the decay rates [4,3].
For the b→ c case, we find that the PMS value oc-
curs at µ = 1 GeV and yields Γbc/κ = 1047 GeV
5.
We find that this is remarkably close to the FAC
(Fastest Apparent Convergence [6]) value which
occurs at µ = 1.18 GeV and yields Γbc/κ = 1051
3GeV5. Similarly, for the b→ u case, we find that
the PMS and FAC values occur at µ = 1.775 GeV
and 1.835 GeV, respectively. The corresponding
reduced rates, are 2069 GeV5 and 2071 GeV5, re-
spectively, which are virtually identical.
We take the PMS value of both the decay rates
as our central value. Further, we assume that the
error in estimating c0 is the same as our largest
error in estimating an RG-accessible coefficient
for both cases. We then obtain the following value
for the total decay rate for b→ c case:
Γbc/κ = 992± 198GeV
5. (14)
This error estimate includes the uncertainties in
the two-loop contribution (b0), the b-quark pole
mass (mb = 4.9 ± 0.1 [7]), the strong coupling
constant, the three loop estimate, and the uncer-
tainty in estimating non-perturbative effects (for
details see [4]). One can extract |Vcb| from the
above expression with a theoretical error of 10%.
Using the same set of uncertainties (note that
mb(mb) = 4.17 ± 0.05 [8],[3]) we obtain the fol-
lowing value for the b→ u rate:
Γbu/κ = 2065± 290GeV
5 (15)
The above expression implies that from the to-
tal decay rate one can extract |Vub| with a the-
oretical error of 7%. However, in this case, the
experimental outlook on obtaining a comparably
precise measurement of the total inclusive rate
(due to the presence of an enormous charm back-
ground) does not look promising at present.
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